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Abstract. The equations for a Yang-Mills field in a medium are derived in the
approximation of linear response to an external field. Introducing tensors of generalized
susceptibilities, the in-medium equations are written in a form similar to the in-medium
Maxwell equations. The non-Abelian character of the gauge group G is reflected in
the presence of susceptibility tensors with no counterpart in electrodynamics and the
necessity to define modified ”electric” and ”magnetic” fields (apart from the ”color”
induction vectors). which enter the in-medium equations. The latter reduce to dimG
copies of Maxwell in-medium equations in the approximation up to second order in the
gauge coupling constant. For a medium uniformly moving, a canonical quantization
is performed for a family of Fermi-like gauges in the case of constant and diagonal (in
the group indices) tensors of ”electric” permittivity and ”magnetic” permeability. The
physical subspace is defined and the gauge field propagator is evaluated for a particular
choice of the gauge. It is applied firstly for evaluation of the cross-section of elastic
quark scattering in the Born approximation. Possible applications to Cherenkov-type
gluon radiation are commented briefly.
1. Introduction
In some developments of the Yang-Mills theories one arrives at situations when the
encountered states can be effectively described as media, possessing non-Abelian
polarization properties. We list a few of these examples for sake of brevity.
Among the first prototypes for a non-Abelian polarizable medium one may take the
QCD vacuum state in the aspect considered by Savvidy [1], Fukuda and Kazama [2],
Adler [3], Nielsen and Olesen [4]. In [5] and [6] Baker and Zachariasen used the Yang-
Mills vacuum as a polarizable medium in order to derive a confining potential. They
also solved the Dyson equations for the gluon propagator ∆µν(q) for q
2 → 0 evaluating
the color susceptibility of the vacuum in the weak field approximation. The polarization
properties of the non-Abelian SU(2) vacuum were exploited in [7, 8] for an approximate
classical description of some non-perturbative effects such as solutions corresponding to
non-vanishing gauge field ”condensates”.
Another and more recent set of examples comes from the theoretical study of some
not yet confirmed states of the hadron matter - hadron matter at very high densities and
quark-gluon plasma (QGP) at very high temperatures where one expects the quarks and
gluons to be in a deconfined phase. In a systematic study performed in the framework
of kinetic theory the color conductivity and other transport coefficients of non-Abelian
plasma were derived by Heinz in [9, 10] in the linear response approximation. The
response of QGP beyond the linear approximation was considered in [11] yielding a color
dielectric susceptibility modified by the non-linear corrections. Typical non-Abelian
medium effects on the color dielectric constant ǫ were further investigated in [12] also
on the base of kinetic theory.
The approach of Heinz has been generalized in [13, 14] to include the effects of
fluctuations in deriving effective transport equations for QCD. A clear review of the
methods of semi-classical transport theory for non-Abelian plasma can be found in [15].
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From the analysis of the phenomenon of color superconductivity of hadron matter at
high density [16, 17], it has been found that the medium surrounding the liberated quarks
exhibits a polarization behavior characterized by an effective color dielectric constant
ǫ ≫ 1, the magnetic permeability remaining close to one. The estimate ǫ ≫ 1 has
also been obtained in [18] evaluating the photon self-energy for a color superconductor.
The case of two-flavor color superconductor with prescribed dielectric susceptibility and
magnetic permeability of the medium was considered by D. Litim and C. Manuel [19]
applying the methods of transport theory and extending the results of Rischke, Son and
Stephanov to finite temperature.
Finally, we mention models such as the chromodielectric model proposed by
Friedberg and Lee [20, 21] and developed in [22, 23, 24, 25, 26, 27]. Aimed to describe
an effective mechanism for the confinement phenomena, this model exploits a dielectric
function depending on a classical field in order to account for the interaction of the QCD
matter. Also in [28, 29] Dremin introduced a refraction coefficient n phenomenologically
for a hadron medium, exploiting the relation between n and the elastic forward scattering
amplitude of light derived in classical electrodynamics. Among other applications, for
a quark-parton medium he used the appearance of a so postulated n to consider the
emission of Cherenkov-type gluons (for n > 1) in order to explain the ring-like structures
observed in hadron-hadron or central nucleus-nucleus collisions as generated by gluon
jets produced in such processes (see e.g.[30]).
Having in mind these examples, our view-point is that, if in the interactions of
a medium with Yang-Mills fields one encounters manifestations of its polarization-type
response to the gauge fields, then it is worth developing an in-medium Yang-Mills theory
and apply it to situations where such a response is found to be essential (like, e.g. the
quark-gluon plasma).
In this paper we derive the classical Yang-Mills equations for a gauge group G in a
medium in the case when the medium responses linearly to an external gauge field (i.e.
we derive the analogs of the macroscopic Maxwell equations for a gauge theory) and
perform a canonical quantization of the arising theory. In the derivation of the classical
in-medium gauge field equations we follow the method of Akhiezer and Peletminsky
[31] in their derivation of the macroscopic Maxwell equations. In Section 2 we introduce
some of the notations and write down the equations for a system of interacting spinor
and gauge fields in the presence of a weak external gauge field. In Section 3 these
equations are averaged by means of a non-equilibrium statistical operator in the linear
approximation with respect to the external field, and the averaged ”color” electric and
magnetic fields (Ea, Ba) are introduced. There appear three types of (generalized)
conductivity tensors defined in terms of the relevant retarded Green’s functions.
The first is a straightforward generalization to the Yang-Mills case of the ”classical
electrodynamic” conductivity tensor, while the second and the third one appear due to
the (eventually) non-commutative character of the gauge group. In Section 4 the relevant
polarization tensors, characterizing the medium, are defined, two of them having direct
analogs in the classical case, and other two originating from the non-commutativity
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of the gauge group. Assuming a linear relation between the polarization tensors and
the fields (Ea, Ba), we define the (non-Abelian) susceptibility tensors. In Section 5
we define the generalized electric and magnetic inductions, the (generalized) magnetic
permeability and electric permittivity tensors µab,ǫab, and write down the derived in-
medium Yang-Mills equations. As in the standard case, four of these equations describe
the ”color” induction vectors. In order to write the remaining equations, we define
modified ”color” fields (E ′a, B′a) obtained from (Ea, Ba) by means of the ”non-Abelian”
susceptibility tensors. In Section 6 we perform an approximation up to second order
in the gauge coupling constant which simplifies the in-medium equations significantly
reducing them to a form resembling closely the Maxwell in-medium equations. Defining
the constitutive equations for the medium, we obtain relations between ǫab, µab, and
the conductivity tensors in the approximation considered. These relations appear as
natural generalizations of their analogs in the classical macroscopic electrodynamics.
We follow Brevik and Lautrup [32] and Nakanishi [33, 34] in their treatment of the
electromagnetic field which avoids work with constrained systems. Although in [32] one
deals with in-medium electromagnetic field, and [33, 34, 35] consider the electromagnetic
field in vacuum, these papers use a common approach, namely a Lagrangian formulation
involving an auxiliary scalar field whose action on the Fock space is designed to separate
the physical subspace. For a medium moving uniformly, Section 5 provides a Lagrangian
formulation of the previously obtained equations introducing a set of dim(G) auxiliary
fields Ba. For sake of simplicity we consider constant and diagonal tensors ǫ and µ.
From the equal time commutation relations, in Section 6 we evaluate the commutators
at arbitrary space-time points. In Section 7 the fields’ Fourier transforms are introduced.
In the resulting Fock space a physical subspace is defined by means of the operators
Ba. Finally, for a particular choice of the gauge we evaluate the gauge field propagator.
As a first application the cross-section for elastic quark-quark scattering is given in the
Born approximation. It is noticed that the in-medium Yang-Mills equations considered
here provide a natural framework for the Dremin’s approach to explain the specific ring-
like structures in hadron processes as resulting from a Cherenkov-type gluon radiation.
Other applications, like, e.g. color superconductivity, lie beyond the scope of this paper.
2. Field equations
Let G be a compact r-dimensional simple matrix Lie group. Let T a (a = 1, ..., r) be a
basis of hermitian matrices in its Lie algebra G with commutation relations
[T a, T b] = ifabcT c,
and normalized by
tr(T aT b) =
1
2
δab.
Lower case Latin letters a, b, c, ... are used for the group /algebra indices and here and
below summation over repeated indices is understood.
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Let Ψˆ(x) be a quantized spinor field with values in a vector space W, i.e.
Ψˆ(x) ∈ Sˆ ⊗ W, where Sˆ is the space of operator-valued spinors over Minkowski space
M , x ∈M . We suppose that W carries a linear representation ω → R(ω) of G, ω ∈ G,
and that W is equipped with a scalar product such that R(ω) is unitary.
Given a quantized Yang-Mills gauge potential Aˆµ(x) = Aˆ
a
µ(x)T
a (µ = 0, ..., 3), the
gauge covariant derivative of the spinor field Ψˆ(x) reads (in coordinates (xµ) = (x0, ~x))
Dµ(Aˆ)Ψˆ(x) = ∂µΨˆ(x) + igR(Aˆµ(x))Ψˆ(x) = ∂µΨˆ(x) + igAˆ
a
µ(x)R(T
a)Ψˆ(x),
where Dµ(Aˆ) denotes covariant differentiation with respect to Aˆµ, and g is a gauge
coupling constant (R(T a) stands for the generators of G in the representation R). We
suppose, in addition, that the spinor field Ψˆ is put in an external (classical) gauge field
fµν with gauge potential aµ = a
c
µT
c, i.e.
fµν = ∂µaν − ∂νaµ + ig[aµ, aν ],
and fµν is determined by an external current
jµ = ja,µT a,
so that
Dµ(a)f
µν = ∂µf
µν + ig[aµ, f
µν ] = gjν. (1)
Fixing the units such that h¯ = c = 1, the Minkowski metric (gµν) =
diag(1,−1,−1,−1), and denoting the operators (∂n) = (−∂n) = ~∇, we also introduce
the components of the analogs of the electric and magnetic fields
Eˆa,k = − Fˆa,0k,
(2)
Bˆa,k = − 1
2
ǫkmjFˆa,mj ,
where a = 1, ..., r; k = 1, 2, 3, ǫ123 = 1 and
Fˆ
µν = ∂µAˆν − ∂νAˆµ + ig[Aˆµ, Aˆν ] = Fˆ a,µνT a.
The gauge potentials Aˆµ are taken in the temporal gauge, Aˆ0 = 0, satisfying
∂kAˆk = 0. We fix also ∂µa
µ = 0. The equations for Aˆ(x) are
∂0Eˆ
a,k(x) = −ǫkmj(Dm(Aˆ)Bˆj(x))a − g(Iˆa,k(x) + ja,k(x0, ~x)), (3)
∂0Bˆ
a,k(x) = ǫkmj(Dm(Aˆ)Eˆj(x))a, (4)
(Dk(Aˆ)Bˆk(x))a = 0, (5)
(Dk(Aˆ)Eˆk(x))a = g(Iˆa,0(x) + ja,0(x0, ~x)). (6)
Here Iˆν(x) = Iˆ
a
ν (x)T
a is the spinor current with components
Iˆaν (x) = Ψˆ
†(x)γνR(T
a)Ψˆ(x). (7)
The equation for Ψˆ(x) reads
iγ0∂0Ψˆ(x) + iγ
n
Dn(Aˆ)Ψˆ(x) + iγ
0
D0(a)Ψˆ(x) + iγ
k
Dk(a)Ψˆ(x)−mΨˆ(x) = 0, (8)
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where γλγµ + γµγλ = 2gλµ1. It follows from equation (8) that
D
µ(Aˆ)Iˆµ = −ig[aµ, Iˆµ].
In absence of the exterior gauge field the energy functional has the form
Hˆ0 =
∫
dx3{1
2
r∑
a=1
( ~Ea · ~Ea + ~Ba · ~Ba) + Ψˆ†γ0(−iγkDk(Aˆ)Ψˆ +mΨˆ)}.
3. Response of the system to the exterior gauge field
3.1. Density operator and averaged field equations
We suppose that at infinite past (x0 = −∞) in the absence of the exterior field the
system of interacting fermion and gauge fields is in equilibrium at temperature 1/β,
described by the density operator ρˆ0 = exp(−βHˆ). At time x0 = −∞ the exterior
field aµ is switched in adiabatically and the system is described by an non-equilibrium
density operator ρˆ(x0) satisfying
i∂0 ρˆ(x
0 ) = [Hˆ (x 0 ), ρˆ(x 0 )], (9)
with the initial condition ρˆ(−∞) = ρˆ0. The total Hamiltonian is
Hˆ(x0) = Hˆ0 + gVˆ (x
0), (10)
where Vˆ (x0) describes the interaction of the fermions with the gauge potential acµ,
Vˆ (x0) =
∫
d3xIˆc,µ(~x)acµ(x
0, ~x). (11)
It is convenient to go to the interaction (Dirac) representation, defined by the splitting
of the Hamiltonian
Hˆ = Hˆ(x0) = Hˆ0 + gVˆ (x
0).
In this representation the density operator ρˆD(x
0) satisfies
i∂ρˆD(x
0 ) = g [VˆD(x
0 ), ρˆD(x
0 )], (12)
and the initial condition ρˆD(−∞) = ρˆ0, where
VˆD(x
0) =
∫
d3xJˆµ(x)aµ(x), (13)
and Jˆµ is the fermion current in the Dirac representation
Jˆµ(x) ≡ IˆµD(x) = exp(ix 0 Hˆ0 )Iˆ µ(x )exp(−ix 0 Hˆ0 ). (14)
Combining equation (12) and the initial condition in the integral equation
ρˆD(x
0) = ρˆ0 − ig
∫ x0
−∞
dt [VˆD(t), ρD(t)],
after the first iteration one finds the well known representation
ρˆD(x
0) = ρˆ0 − ig
∫ +∞
−∞
dtθ(x 0 − t)[VˆD(t), ρˆ0 ].
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In other terms, the linear approximation of ρˆD with respect to the exterior field is
ρˆD(x
0) = ρˆ0 − ig
∫
d4yθ(x 0 − y0 )[Jˆµ(y), ρˆ0 ]aµ(y).
Averaging equations (3-6) by means of ρˆD one find that the mean values
Aµ(x) =< Aˆµ(x) >≡ Aaµ(x)T a
and
Fµν(x) = ∂µAν(x)− ∂νAµ(x) + ig[Aµ(x), Aν(x)] ≡ F aµν(x)T a
obey the equations
Dµ(A)Fµν = gJν − gSν , (15)
Dµ(A) ∗ Fµν = gRν , (16)
where
Jν = < Jˆν >≡ JaνT a, (17)
Sν = i{∂µ(< [Aˆµ, Aˆν ] > −[Aµ, Aν ]) + (18)
+ < [Aˆµ, Fˆµν ] > −[Aµ, Fµν ]} ≡ SaνT a,
Rν =
1
2
ǫνµστ i{∂µ(< [Aˆσ, Aˆτ ] > −[Aσ, Aτ ]) + (19)
+ < [Aˆµ, Fˆ στ ] > −[Aµ, F στ ]} ≡ RaνT a
(the same notation for operator commutator and Lie algebra commutator should not
be confusing). The dual of a tensor Fµν is ∗Fµν ≡ 12ǫµνστF στ (ǫ0123 = −ǫ0123 = −1) and
Dµ(A)Fµν = ∂µFµν + ig[Aµ, Fµν ].
3.2. Retarded Green’s functions and tensors of conductivity
For the mean value of an operator A one obtains in the first approximation
< Aˆ(x0, ~x) >≡ tr(Aˆ(x0, ~x)ρD(x0)) =
=< Aˆ(x0, ~x) >0 −ig
∫ +∞
−∞
dt < [Aˆ(x0, ~x), VˆD(x
0)] >0 θ(x
0 − t) (20)
Using the form of VˆD from equation (13) and the notation
GA,Jµ(x, y) = −iθ(x0 − y0) < [Aˆ(x), Jˆµ(y)] >0
for the retarded Green’s function, one rewrites equation (20) as
< Aˆ(x) >=< Aˆ(x) >0 +g
∫
d4yGA,Jµ(x, y)a
µ(y). (21)
For two operators Aˆ(x) and Bˆ(x) which are covariant under space translations the
corresponding Green’s function GAB(x, y) = −iθ(x−y) < [Aˆ(x), Bˆ(y)] >0 depends only
on x− y and in this case we shall simply write GAB(x, y) ≡ GAB(x− y). Let Aˆ and Bˆ
transform under the time reflection antiunitary operator U according to
UAˆ(x)U−1 = ǫAAˆ
∗(itx), UBˆ(x)U
−1 = ǫBBˆ
∗(itx)
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where ∗ denotes hermitian conjugation, itx = (−x0, ~x), and |ǫA| = |ǫB| = 1. If,
in addition, Aˆ and Bˆ are hermitian, the invariance under time reflection and space
translations implies the property
GAB(k0, ~k) = ǫAǫBGAB(k0,−~k) (22)
of the Fourier transform of GAB
GAB =
∫
eikox0−i
~k.~xGAB(x0, ~x)dxod
3x
(denoted by the same symbol). Substituting in equation (22) the components Jˆaµ(x) of
the fermionic current from (14), (7) we obtain
Jaµ(x) =< Jˆ
a
µ(x) >= g
∫
d4yGabµν(x− y)ab,ν(y), (23)
a = 1, ..., r, where
Gabµν(x− y) = −iθ(x0 − y0) < [Jˆaµ(x), Jˆ bν(x)] >0
and we have used the fact that for a neutral medium in equilibrium the mean values
< ˆJaµ(x) >0= 0.
The mean values which enter Sν and Rν may be expressed by the corresponding
Green’s functions, namely
i∂µ < [Aˆµ, Aˆν ]
a > +i < Aˆµ, Fˆµν ]
a >= g
∫
d4yKabνλ(x− y)ab,λ(y), (24)
1
2
ǫνµστ i{∂µ < [Aˆσ, Aˆτ ]a > + < Aˆµ, Fˆστ ]a >} =
= g
∫
d4yLabνλ(x− y)ab,λ(y), (25)
with
Kabνλ(x− y) = −iθ(x0 − y0)i
{
∂µ <
[
[Aˆµ(x), Aˆν(x)]
a, Jˆ bλ(y)
]
>0 +
+ < i
[
[Aˆµ(x), Fˆµν(x)]
a, Jˆ bλ(y)
]
>0
}
,
Labνλ(x− y) = −iθ(x0 − y0)
i
2
ǫνµστ
{
∂µ <
[
[Aˆσ(x), Aˆτ (x)]a, Jˆ bλ(y)
]
>0 +
+ <
[
[Aˆµ(x), Fˆ στ (x)]a, Jˆ bλ(y)
]
>0
}
.
The mean values (24) and (25) evaluated by means of ρˆ0 vanish because Lorentz
covariance and invariance under space translations imply that there is no non-zero 4-
(pseudo) vector with values in the Lie algebra G. The components Gabµν in equation
(23) will be said to form the exterior conductivity tensor, by analogy with classical
electrodynamics. Since the current Sν and Rν are due to the non-Abelian character of
the gauge group G, the components Kabνλ and L
ab
νλ will be said to form the non-Abelian
conductivity tensor and pseudotensor, respectively.
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4. Tensors of generalized susceptibilities
Proceeding in analogy with classical electrodynamics [31] we introduce the analog of
polarization tensor
Pµν(x) = −Pνµ(x) = PaµνT a,
through a gauge covariant relation between Pµν and the averaged current Jν ,
Jν(x) = DµPµν(x) = ∂µPµν(x)− ig [Aµ(x ),Pµν(x )], (26)
the covariant differentiation being with respect to Aµ =< Aˆµ >. Equation (26) is
the substitute of Jν = ∂
µPµν in the case of electrodynamics. We define also the
corresponding generalizations of the electric and magnetic polarizations, respectively,
as G-valued 3-vectors ~P and ~M ,
P a,n = Pa,0n,
Ma,n = − 1
2
ǫnljPa,lj.
(a = 1, ..., r). Written in components, the defining equation (26) reads
Ja,n = ∂0P
a,n + ǫnmj(∂mM
a,j + gf abcAb,mM c,j ) ≡
≡ ∂0P a,n + ( ~D(A)× ~M)a,n, (27)
Ja,0 = − ~∇ · ~P a − gf abc(Ab,nP c,n) ≡ −( ~D(A) · ~P)a , (28)
~D(A) · ~P a = ∂nP a,n + fabcAb,nP c,n,
~D(A)× ~M)a,n = ǫnkl[∂kMa,l + fabcAb,kM c,l]
(~P a = (P a,n), ~Ma = (Ma,n)). Applying again the analogy with the case of
electrodynamics, we fix the arbitrariness in Pµν assuming a linear relation between (the
Fourier transformations of) ~P a and ~Ma, on the one hand, and the averaged ”electric”
and ”magnetic” fields, ~Ea and ~Ba, on the other:
~P a(k0, ~k) = κ
ab(k0, ~k) ~E
b(k0, ~k), (29)
~Ma(k0, ~k) = ψ
ab((k0, ~k) ~B
b(k0, ~k) (30)
(Ea,n = −F a,0n, Ba,j = −1
2
ǫjknF a,kn). Equations (29) and (30) are the analogs of
the constitutive relations of a medium, where the ”color” tensor κ = (κab) appear
as generalization of the electric susceptibility. The procedure of introducing the
polarization tensor may be applied to the currents Sν and Rν which appear due to the
non-Abelian character of the group G. We define the non-Abelian polarization tensor
Qµν(x) = −Qνµ(x) = QaµνT a (31)
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through the gauge covariant relation with the current Sν :
−Sν(x) = Dµ(A)Qµν(x).
Related with Qµν are the G-valued 3-vectors ~U and ~V ,
Ua,n ≡ Qa,0n, V a,n ≡ 1
2
ǫnjlQa,jl.
The vectors ~Ua and ~V a have no analogs in electrodynamics and will be called vectors of
non-Abelian electric and magnetic polarization, respectively. We have (cf. (27), (28))
Sa0 = ( ~D(A) · ~U)a,
~Sa = − ∂0~Ua − ( ~D(A)× ~V )a,
Due to the lack of analogy with the electrodynamical case we may assume either a
linear relation between ~Ua, ~Ma, and the fields ~Ea, ~Ba, of the type
~Ua(k) = tab ~Eb(k), ~V a(k) = uab(k) ~Bb(k). (32)
or a non-linear (e.g. quadratic) relation among them. Here we consider the assumption
of linear relation and call t(k) tensor of non-Abelian electric susceptibility. The structure
of the current Rν(x) yields the relation
Rν(x) = Dµ(A) ∗Qµν(x) (33)
with the dual of the tensor Qµν , so
Ra0 = −( ~D(A) · ~V )a, ~Ra = ∂0~V a + ( ~D(A)× ~V )a.
5. In-medium Yang-Mills equations
Inserting the expressions for the currents Jν , Rν and Sν in terms of the susceptibility
tensors allows one to recast the averaged system of equations (15), (16) in the form
ikm(δab + gκab(k) + gtab(k))Eb,m(k) +
+gfabc
∫
Ab,m(k − q)(δcd + gκcd(q) + gtab(q))Ed,m(q) d
4q
(2π)4
=
= gjao (k), (34)
ik0(δ
ab + gκab(k) + gtab(k))Eb,m(k) +
+ǫnmlikm(δab − gψab(k) + guab(k))Bb,l(k) +
+ǫnmlgfabc
∫
Ab,m(k − q)(δcd − gψab(q) + guab(q))Bd,l(q) d
4q
(2π)4
=
= gja,n(k), (35)
ikm(δab − guab(k))Bb,m(k) +
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gfabc
∫
Ab,m(k − q)(δcd − gucd(q))Bm,d(q) d
4q
(2π)4
= 0, (36)
ik0(δ
ab − guab(k))Bb,n(k) + ǫnlmikl(δab − gtab(k))Eb,m(k) +
+gfabc
∫
Ab,l(k − q)(δcd − gtcd(q))Em,d(q) d
4q
(2π)4
= 0. (37)
Let us define the modified ”color” electric field ~E ′a
~E ′a(k) ≡ ~Ea(k)− g~Ua(k)
and the modified ”color” magnetic field ~B′a
~B′a(k) ≡ ~Ba(k)− g~V a(k).
We define also the generalized electric induction
~Da(k) ≡ ~Ea(k) + g ~P a(k) + g~Ua(k)
and the generalized magnetic induction
~Ha(k) ≡ ~Ba(k)− g ~Ma(k) + g~V a(k). (38)
From (32) one obtains
~E ′a(k) = (δab − gtab(k)) ~Eb(k)
(39)
~B′a(k) = (δab − guab(k)) ~Bb(k)
and from (29),(30),(33) we get
~Da(k) = (δab + gκab(k) + gtab(k)) ~Eb(k),
~Ha(k) = (δab − gψab(k) + guab(k)) ~Bb(k).
We write these relations in the form
~Da(k) = ǫab(k) ~Eb(k)
(40)
~Ba(k) = µab(k) ~Hb(k),
where
ǫab(k) ≡ δab + gκab(k) + gtab(k)
will be called tensor of generalized electric permittivity, and
µab(k) ≡ ((1− gψ + gu)−1)ab
- tensor of generalized magnetic permeability. If we keep the analogy with the
electromagnetic properties of the vacuum, we have to prescribe the property of
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generalized permeability µ0 and permittivity ǫ0 to the empty space with µ0 = const,
ǫ0 = const. Then the definitions of µ and ǫ will read
µab/µ0 ≡ δab + gχab, and ǫab/ǫ0 ≡ δab + gκab.
Now the system (34)-(37) written as a system of differential equations reads
( ~D(A) · ~D)a = gja0 ,
( ~D(A)× ~H)a − ∂0 ~Da = g~ja
(41)
( ~D(A) · ~B′)a = 0,
( ~D(A)× ~E ′)a − ∂0 ~B′a = 0.
The system (41) together with equations (39) and (40) where the tensors tab, uab,
ǫab and µab are given functions of (x0, ~x) will be called system of in-medium Yang-Mills
equations.
Our next step is to outline how relations between the susceptibility tensors and
the Green’s functions can be derived in principle. The Fourier transform of the
system (1) written in terms of the fields ec,n = −f c,0n and bc,n = −1
2
ǫnjmf c,jm,
(c = 1, ..., r;n = 1, 2, 3) and restricted to terms linear in the external field gives for
the external current
gja0 (k) = i
~k · ~ea(k)
(42)
g~ja(k) = i
k2
k0
~ea(k) + i
~k · ~ea(k)
k0
~k
(k = (k0, ~k), k
2 = k20 − ~k2). The substitution of (42) into the r.h.s of the system of
equations (34)- (37) gives a non-linear system for the fields ~Ea(k) and ~Ba(k) (recall
that ~Ea(k) = ik0 ~A
a(k) in the gauge Aˆ0 = 0). In the linear approximation with respect
to the external field we have to keep only the linear terms in the expressions for ~Ea and
~Ba,
~Ea(k) = φab~eb(k), ~Ba(k) = θab~eb(k). (43)
Here φab and θab depend on k as well as on the tensors κ, ψ, t and u. The form (43)
implies that [Aµ, Aν ] and [Aµ, Fστ ] in equations (18), (19) are quadratic in the external
field and have to be dropped out thus simplifying the currents Sν and Rν to
Saν (x) = i
{
∂µ < [Aˆµ(x), Aˆν(x)]
a > + < [Aˆµ(x), Fˆµν(x)]
a >
}
= g
∫
Kabνλ(x− y)ab,λ(y)d4y (44)
and
Raν(x) =
i
2
ǫνµστ
{
∂µ < [Aˆσ(x), Aˆτ (x)]a > + < [Aˆµ(x), Fˆ στ (x)]a >
}
= g
∫
Labνλ(x− y)ab,λ(y)d4y. (45)
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Adding the formula for Jν(x),
Jaν (x) =< Iˆ
a
ν (x) >= g
∫
Gabνλ(x− y)ab,λ(y)d4y (46)
one may express the three currents (44), (45), (46), further in terms of the external field
since in any fixed gauge for ab,λ the equations
~ec(k) = ik0~a
c(k)− i~ka0,c(k)
(47)
~bc(k) =
1
k0
~k × ~ec(k) = i~k × ~ac(k),
determine ac,λ in terms of ~ec.
On the other hand, the currents Jν and Sν are used to introduce the generalized
susceptibility tensors via (26) and (31). The assumption that these tensors are linearly
connected with ~Ea and ~Ba (equations (29), (30) and (32)) allows one to express them
linearly by ~eb using (43). The obtained two expressions for each of the currents Jν and
Sν allow one to derive algebraic relations among the tensors κ, ψ, t and u, and the
Green’s functions Gabνλ, K
ab
νλ.
Let us note that if the tensors tab and uab depend in a non-linear (e.g. quadratic)
way on the fields ~Ea and ~Ba, then they have no contribution in the averaged system
(34) - (37) in the approximation linear in the external field. Then the modified fields
~E ′a and ~B′a reduce to ~Ea and ~Ba, respectively, and the in-medium Yang-Mills equations
become
( ~D(A) · ~D)a = gja0 ,
( ~D(A)× ~H)a − ∂0 ~Da = g~ja,
(48)
( ~D(A) · ~B)a = 0,
( ~D(A)× ~E)a − ∂0 ~Ba = 0.
6. Approximation up to second order in g
Considered as perturbative series in g both Green’s functions Kabνλ and L
ab
νλ have their
first non-vanishing term of first order in g. Indeed, let us take a perturbative expansion
of Aˆµ(x) and Fˆµν(x) in powers of g beginning with the free field operators Aˆ(0)µ and
Fˆ(0)µν , respectively,
Aˆµ(x) = Aˆ(0)µ(x) +
∑
n≥1
gnAˆ(n)µ(x)
Fˆµν(x) = Fˆ(0)µν(x) +
∑
n≥1
gnFˆ(n)µν(x)
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(Aˆ(n)µ(x) being the n − th approximation). Then the observation that Aˆ(0)µ(x) and
Fˆ(0)µν(x) commute with the current Iˆλ expressed in terms of free spinor operators yields
the conclusion that both Kabνλ and L
ab
νλ are of order g. According to (44) and (45) the
terms with gSν and gRν in the r.h.s of the system of equations (15), (16), are of third
order in g while the term with gJν is of second order (like the case of electrodynamics).
In this Section we consider the systems (15), (16), up to second order in g (in the
approximation linear w.r.t. the external field). In this approximation the currents gSν
and gRν drop out, the covariant derivatives in the l.h.s of (15), (16) reduce to simple
partial derivatives because [Aµ, Fστ ] are quadratic in the external field due to equation
(43), and we obtain the simplified form
∂µF˜ aµν = gJ
a
ν + gj
a
ν ,
∂µ ∗ F˜ aµν = 0,
F˜ aµν = ∂µA
a
ν − ∂νAaµ.
Local commutativity of the currents Jaν (x) gives that
∂µGabµν(x) = 0 = ∂
νGabµν(x)
because ∂µJµ(x) = 0 in our approximation. Using the Fourier transform of the last
equality and the system (47) (in the gauge ∂λa
λ = 0) we recast equation (46).
Jaν (k) = gG
ab
νλ(k)a
λ,b(k)
in the form (k = (k0, ~k))
Ja0 (k0,
~k) = ig
km
k20
Gabml(k0,
~k)eb,l(k0, ~k),
Jan(k0,
~k) = − ig 1
k0
Gabnl(k0,
~k)eb,l(k0, ~k).
For a homogeneous and isotropic medium Gabmn(k0,
~k) may be written as a sum of
tensors
Gabmn(k0,
~k) = −ik0
[
σ˜abl (k)
kmkn
~k2
+ σ˜abt (k)(δnm −
kmkn
~k2
)
]
,
where σ˜abl and σ˜
ab
t are ”color” tensors depending on k = |~k| and arise as analogs of the
so called exterior longitudinal and transverse electric conductivity coefficients [31]. This
form of Gabmn generates a representation of J
a
0 and J
a
n,
Ja0 (k0,
~k) =
g
k0
σ˜abl (
~k · ~eb)
(49)
Jan(k0,
~k) = gσ˜abl (k)
~k · ~eb
~k2
kn + gσ˜
ab
t (k)
((~k × ~eb)× ~k)n
~k2
,
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the second equation being a decomposition of Jan into longitudinal and transverse parts
with respect to ~k. It is convenient to write the vectors ~P a and ~Ma, equations (29), (30),
in the form
~P a(k0, ~k) = κ
ab(k0, ~k) ~E
b(k0, ~k),
(50)
~Ma(k0, ~k) = (µ
−1)ab(k0, ~k)χ
bc(k0, ~k) ~B
c(k0, ~k),
(i.e. we write ψ = µ−1 ·χ) where µab = δab+ gχab. The Fourier transform of the system
(6) written in terms of Ee,n = −F˜ a,0n and Ba,n = −1
2
ǫnmlF˜ a,ml (i.e. the system of
equations (34) - (37) in the approximation considered) reads
ikm(δab + κab(k0, ~k))E
b,m(k0, ~k) = gj
a
0 (k0,
~k),
ik0(δ
ab + κab(k0, ~k)E
b,m(k0, ~k) +
ǫnmlikm(δab − g(µ−1)ab(k0, ~k)χbc(k0, ~k))Bb,l(k0, ~k) = gja,n(k0, ~k), (51)
ikmBa,m(k0, ~k) = 0,
ik0B
a,n(k0, ~k) + ǫ
nmliklEa,m(k0, ~k) = 0.
The vectors of generalized electric and magnetic induction are
~Da = ~Ea + g ~P a = ǫab ~Eb,
~Ha = ~Ba − g ~Ma = (µ−1)ab ~Bb,
with ǫab = δab + gκab. In terms of these fields the form of the system (51) as a system
of differential equations reads
div ~Da = ja0 ,
rot ~Ha − ∂0 ~Da = g~ja,
(52)
div ~Ba = 0,
rot ~Ea − ∂0 ~Ba = 0.
It follows from the above equations that
~Dc||(k0,
~k) ≡ 1
~k2
(~k · ~Dc(k0, ~k))~k = ǫcd(k0, ~k) ~Ed||(k0, ~k) = ~ec||(k0, ~k),
[k20ǫ
ab − ~k2(µ−1)ab] ~Eb⊥(k0, ~k) = (k20 − ~k2)~ea⊥(k0, ~k)
and
[k20ǫ
ab − ~k2(µ−1)ab] ~Bb⊥(k0, ~k) = (k20 − ~k2)~ha(k0, ~k),
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with ~Ba|| = 0, where for a vector ~v
a we define
~va⊥ =
1
~k2
(~k × ~va)× ~k.
With the help of equations (49), (50), and the relations
Ja0 (k0
~k) = − i~k · ~P a(k0, ~k),
~Ja(k0~k) = − ik0 ~P a(k0~k) + i~k × ~Ma(k0~k),
now we derive
k0κ
ab(k0~k) = igσ˜
ab
t (|~k|)ǫcb(k0~k),
or, in a compact matrix notation
1− ǫ−1 = ig2σ˜t, (53)
as well as the relation
1− µ−1 = gµ−1χ =
i
k0
~k2
g2
{
σ˜t(1− ig2k0 σ˜t
k20 − ~k2
)−1 − (1− ig
2
k0
σ˜l)
−1σ˜l
}
. (54)
Equations (53) and (54) resemble their counterparts in electrodynamics and by
analogy, we call
σl = (1− ig
2
k0
σ˜l)
−1σ˜l,
σt = σ˜t(1− ig2k0 σ˜t
k20 − ~k2
)−1,
tensors of intrinsic longitudinal and transverse conductivity, respectively.
7. Lagrangian and canonical quantization
In this section we consider the case when the tensors tab and uab, equation (32), may be
neglected, so the in-medium Yang-Mills fields are described by the system (48).
For a medium in rest with respect to a fixed Lorenz frame we define the
antisymmetric tensors Ha,µν by
Ha,0κ = −Da,κ,
Ha,mn = − ǫmnkHa,k, n,m = 1, 2, 3. (55)
The components of the tensors (55) read
Ha,µν = (µ−1)abF b,µν + (ǫ− µ−1)abV τ (gµσV ν − gνσV µ)F bστ , (56)
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if the medium moves uniformly with velocity V µ (V 2 = 1). For vanishing exterior
current jaµ the Lagrangian
L0 = −1
4
F aµνH
a,µν (57)
reproduces the first two equations of the system (52) written in a covariant form
Dµ(A)H
a,µν = 0,
valid for any reference frame. Since in (56) and (57) the tensor F aµν reads
F aµν = ∂µA
a
ν − ∂νAaµ − gfabcAbµAcν ,
it satisfies the covariant form of the last two equations of the system (52), i.e.
Dλ(A)F
a
µν +Dµ(A)F
a
νλ +Dν(A)F
a
λµ = 0.
In order to perform the canonical quantization, we add a gauge fixing term Lgf to L0,
Lgf =
ξ
2
(BaBa)−Ba(∂µAaµ + (n2 − 1)abV µ∂µV λAbλ), (58)
where ξ is a real parameter and Ba (a = 1, ..., r) are real auxiliary scalar fields. The
tensor (n2)ab = ǫacµcb is the generalization of the classical refraction coefficient. The
form (58) of Lgf is taken in analogy with the case of electromagnetic field in a medium
[32]. In the sequel we will consider the case ǫab = ǫδab, µab = µδab, where ǫ and µ are
constants. Then (n2)ab = ǫµδab and the notation β = n2 − 1 will be used (here and
below we shall write n2 for ǫµ). We split the total Lagrangian L = L0 + Lgf into two
parts, L = Lfree + Lint, where Lint contains all terms containing the gauge coupling
constant g. The part Lfree equals
Lfree = −1
4
F˜ aµνH˜
a,µν + Lgf , (59)
where
F˜ aλµ = ∂λA
a
µ − ∂µAaλ (60)
and
H˜a,µν = (µ−1)abF˜ b,µν + (ǫ− µ−1)abV τ (gµσV ν − gνσV µ)F˜ bστ . (61)
The equations of motion following from the free field part Lfree are
⊓⊔Aaλ + β(V · ∂)2Aaλ + (µ− ξ)∂λBa ≡ QAaλ + (µ− ξ)∂λBa = 0, (62)
⊓⊔Ba + β(V · ∂)2Ba ≡ QBa = 0, (63)
ξBa = ∂ · Aa + β(V · ∂)(V · Aa), (64)
where Q = ⊓⊔ + β(V · ∂)2. We choose Aaλ(x) as generalized coordinates, the conjugate
momenta being
πa,µ(x) =
∂L0
∂(∂0Aaµ)
(x),
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or
πa,0 = − [1 + βV 20 ]Ba,
πa,k = βV0VkB
a +
β
µ
V0VnF˜
a
kn + [(1 + 2βV
2
0 )δkn − βVkVn]F˜0n,
(k = 1, 2, 3). From the equal time canonical commutation relations
[Aλ(x), Aµ(y)]x0=y0 = 0,
[πa,λ(x), πb,µ(y)]x0=y0 = 0,
[πa,λ(x), Abµ(y)]x0=y0 = − iδabδλµδ(~x− ~y),
one derives
[Ba(x), Abλ(y)]x0=y0 =
iδabδ0λ
(1 + βV 20 )
δ(~x− ~y),
[Ba(x), ∂0A
b
n(y)]x0=y0 =
−iδab
(1 + βV 20 )
∂
∂xn
δ(~x− ~y),
as well as
[∂0A
a
0(x), A
b
0(y)]x0=y0 =
iδabδ(~x− ~y)
(1 + βV 20 )
2
[ξ − µβ2 V
2
0
~V 2
(1 + α)
],
[∂0A
a
0(x), A
b
n(y)]x0=y0 = −
iµβV0Vnδ
ab
(1 + β)(1 + βV 20 )
δ(~x− ~y),
[∂0B
a(x), Ab0(y)]x0=y0 = 2i
βV0
(1 + βV 20 )
2
δab(Vn
∂
∂xn
)δ(~x− ~y),
[∂0B
a(x), Abn(y)]x0=y0 =
iδab
(1 + βV 20 )
∂
∂xn
δ(~x− ~y).
Following [32] we introduce the tensor
bστ = δ
σ
τ + (n− 1)V σVτ ,
satisfying
(bl)στ = δ
σ
τ + (n
l − 1)V σVτ
for every integer number l. In terms of bστ , the gauge fixing term Lgf reads
Lgf =
ξ
2
BaBa − Ba∂µ(b2)τµAτ
and the operator Q takes the form
Q = ∂µ(b2)τµ∂τ .
8. Commutation relations at non-equal times
We define the functions
F (x) ≡ i
∫
d4k
(2π)3
exp(−ik · x)δ(Q(k))ǫ(V · k) (65)
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and
H(x) ≡ i
∫
d4k
(2π)3
exp(−ik · x)δ′(Q(k))ǫ(V · k),
with the notations
Q(k) ≡ k2 + β(V · k)2 = (1 + βV 20 )(k0 − k+(k))(k0 − k−(k)) (66)
and
k±(~k) ≡ 1
(1 + βV 20 )
[
βV0(~k · ~V )±
√
(1 + βV 20 )~k
2 − β(~k · ~V )2
]
. (67)
Note that k+(~k) is negative for reference frames in which β ~V 2 > 1. However, it always
holds that k±(~k) = −k∓( ~−k).
The functions F and H have the properties QF = 0, QH = F , as well as
∂0F (0, ~x) =
1
(1 + βV 20 )
δ(~x),
F (0, ~x) = 0, (68)
H(0, ~x) = ∂0H(0, ~x) = ∂
2
0H(0, ~x) = 0,
∂30H(0, ~x) =
1
(1 + βV 20 )
2
δ(~x). (69)
Equations (65) and (67) yield
F (x) =
i
(2π)3
∫
d3k
(1 + βV 20 )
1
|k+(~k)− k−(~k)|
(e−ik
′x − e−ik′′x), (70)
where k′ = (k+(~k), ~k), k
′′ = (k−(~k), ~k). The current
Jµ(y, x) = F (y − x)D↔x,µg(x) +H(y − x)D↔x,µQg(x) (71)
is conserved, ∂
∂xµ
Jµ(y, x) = 0, for every solution g(x) of
Q2g(x) = 0.
The operator Dx,µ is defined as
Dx,µ ≡ ∂
∂xµ
+ βVµ(V
λ ∂
∂xλ
) (72)
and
AD↔x,µB ≡ A(Dx,µB)− (Dx,µA)B.
Therefore the integral∫
Σ
dσµ(z)Jµ(y, z)
(dσµ(z) is the element on the surface Σ) depends only on y. For a space-like Σ with
dσµ(z) = (1, 0, 0, 0)d3z we define
G(y) ≡
∫
z0=y0
d3zJ0(y, z). (73)
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It follows from equation (71) and the properties (68) - (69) that
G(y) = g(y) =
∫
z0=y0
d3z
[
F (y− z)D↔z,0g(z)+H(y− z)D↔z,0Qg(z)
]
.(74)
From (62) and (63) one derives
Q2Aaλ(x) = 0. (75)
Therefore we obtain
Aaλ(x) =
∫
x0=z0
d3z[F (x− z)D↔z,0Aaλ(z) +H(x− z))D↔z,0QAaλ(z)]. (76)
This expression allows one to calculate the commutators among the fields Aaλ(x) for
arbitrary times using the equal time commutators appearing in the r.h.s of the identify
[Aaλ(x), A
b
µ(y)] =
∫
z0=y0
d3z
{
F (x− z)D↔z,0[Aaλ(z), Abµ(y)]
+H(x− z)D↔z,0(ξ − µ) ∂
∂zλ
[Ba(z), Abµ(y)]
}
.
The result reads
[Aaλ(x), A
b
µ(y)] = iµδ
ab(gλµ − β
1 + β
VλVµ)F (x− y)− i(µ− ξ)δab∂
2H(x− y)
∂xλ∂xµ
. (77)
Using equation (64), i.e.
ξBa(x) = Dx,µA
a,µ(x),
with Dx,µ given by (72), one obtains from equation (77)
[Aaλ(x), B
b(y)] = −iδab ∂
∂xλ
F (x− y) (78)
and
[Ba(x), Bb(y)] = 0. (79)
The commutation relations (77-79) generalize those derived for the electromagnetic filed
in a medium [32] in a natural way.
One may use the technique of [32] to derive the commutation relations (77) in a
much simpler way. Indeed, the change of variables
xλ → yλ = (b−1)λµxµ,
Aaλ(x) → Γaλ(y) =
1√
µ
Aaσ(x)b
σ
λ,
Ba(x)→ ∆a(y) = √µBa(x)
and
g → g′ = √µg, ξ → ξ′ = ξ/µ,
brings the Lagrangian
L = −1
4
F a,µν(x)Haµν(x)− ξBa(x)[∂ · Aa(x) + (n2 − 1)(V · ∂)V · Aa(x)] +
1
2
Ba(x)Ba(x)
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to the form
L = −1
4
Ga,µν(y)Gaµν(y)− ξ′∆a(y)
∂
∂yµ
Γa,µ(y) +
1
2
∆a(y)∆a(y),
where
Gaµν(y) =
∂Γaν(y)
∂yµ
− ∂Γ
a
µ(y)
∂yν
− g′fabcΓbµ(y)Γcν(y).
In the approximation where one takes g′ → 0 this Lagrangian describes a system of
r = dim(G) non-interacting U(1)-gauge fields, i.e. a system of r free ”electromagnetic”
fields with the corresponding gauge fixing terms containing the fields ∆a. After
quantization of each type Γaµ(x), (a = 1, ..., r), of ”electromagnetic” fields one obtains
the commutation relations [32]
[Γaλ(y),Γ
b
ν(y
′)] = igλνδ
ab
D0(y − y′)− i(1− ξ′) ∂
2
∂yλ∂yν
E(y − y′),
where
D0(y) = i
∫
d4k
(2π)3
e−ikyǫ(k0)δ(k
2),
E(y) = i
∫
d4k
(2π)3
e−ikyǫ(k0)δ
′(k2).
Going back to the fields Aaλ and the variables (x
µ), one recovers equation (77) having
in mind that D0(b
−1 · x) = F (x), and E(b−1 · x) = H(x).
9. Physical subspace of the Fock space
We introduce the Fourier integral for the fields Adλ(x) and B
a(x),
Adλ(x) =
1
(2π)3/2
∫
d4pθ(p0)
[
eipxa+λ
d
(p) + e−ipxa−λ
d
(p)
]
,
Ba(x) =
1
(2π)3/2
∫
d4pθ(p0)
[
eipxb+ a(p) + e−ipxb− a(p)
]
.
As a consequence of the equations of motion one obtains
θ(k0)[Q(k)a±λ
d
(k)± i(µ− ξ)b± d(k)] = 0, (80)
θ(k0)Q(k)b± d(k) = 0,
±iθ(k0)[kλa±λ d(k) + (V · k)V λa±λ d(k)] = θ(k0)ξb± d(k). (81)
Inserting (80) into (77) gives the commutation relations
[a+λ
d
(k), a+µ
c
(q)] = 0, [a−λ
d
(k), a−µ
c
(q)] = 0
and
[a−σ
d
(p), a+τ
c
(q)] = − µ(gστ − β
1 + β
VσVτ )δ
dcδ(Q(p))δ(p− q)
− (µ− ξ)δdcpσpτδ′(Q(p))δ(p− q).
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For the operators b± d(p) one finds
[b+ d(p), b+ c(q)] = 0, [b− d(p), b− c(q)] = 0
and
[a−λ
d
(p), b+ c(q)] = −δdcpλδ(Q(p))δ(p− q).
It is convenient for each four vector p to introduce a local frame consisting of the ortho-
normal vectors V , (V 2 = 1), N(p) and e(r)(p), (r = 1, 2), satisfying
N(p)2 = (e(r)(p))2 = −1,
where
N(p)µ ≡ p˜µ − (V · p˜)Vµ√
(V · p˜)2 − p˜2
and p˜µ ≡ pµ + βVµ(V · p). We decompose the operators a±λ d(p) with respect to the base
vectors V , N(p), e(r)(p),
a±λ
d
(p) =
2∑
r=1
α±r
d
(p)e
(r)
λ (p) + α
±
3
d
Nλ + α
±
0
d
Vλ.
The commutation relations for the new operators α±λ
d
(p) read
[α−0
d
(p), α+0
c
(q)] = − µδ
dc
1 + β
δ(Q(p))δ(p− q)− (µ− ξ)δdc(V · p)2δ′(Q(p))δ(p− q), (82)
[α−3
d
(p), α+3
c
(q)] = µδdcδ(Q(p))δ(p− q)− (µ− ξ)δdc[(V · p)2 − p2]δ′(Q(p))δ(p− q), (83)
[α−k
d
(p), α+l
c
(q)] = µδdcδ(Q(p))δ(p− q), (84)
[α−0
d
(p), α+3
c
(q)] = −(µ − ξ)δdc
√
(V · p)2 − p2(V · p)δ′(Q(p))δ(p− q), (85)
[α−0
d
(p), α+k
c
(q)] = 0, (86)
[α−3
d
(p), α+k
c
(q)] = 0, (87)
[α−k
d
(p), b+ c(q)] = 0, (88)
[α−3
d
(p), b+ c(q)] = −iδdc
√
(V · p)2 − p2δ(Q(p))δ(p− q), (89)
[α−0
d
(p), b+ c(q)] = −iδdc(V · p)δ(Q(p))δ(p− q). (90)
The vacuum vector |0〉 of the Fock space HF is defined by
α−λ
d
(p)|0〉 = 0.
It follows from the commutation relations (82)-(90) that the operators α+0
d
(p) and
α+3
d
(p) do not generate states with positive definite norm squared due to the terms
with δ′(Q(p)). The physical subspace of HF is defined by
Hphys =
{
|Ψ〉 ∈ HF ; b− d(p)|Ψ〉 = 0
}
.
According to equation (81) the condition b− d(p)|Ψ〉 = 0 is equivalent to
p˜a−λ
d
(p)|Ψ〉 = 0,
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implying
L− d(p)|Ψ〉 = 0,
where
L± d(p) =
√
(V · p)2 − p2α±0 d(p)− (V · p)α±3 d(p)
for any |Ψ〉 ∈ Hphys. The states with non-negative norm squared are generated by
α+1,2
d
(p) and L+ d(p) which are the operators commuting with b− c(q). However, the
subspace H0 of Hphys generated by L
+ d(p) consists of zero norm vectors. Therefore, the
space of vectors with positive norm squared is defined by the quotient
H
′ = Hphys/H0.
The energy-momentum tensor Tλµ derived from the Lagrangian L = L0 + Lgf is
Tλµ = −Haλτ∂µAa,τ + (b−2 · Aa)λ∂µBa − gλµL,
(b−2)σλ = (δ
σ
λ + βVλV
σ), and may be written as
Tλµ = −HaλτF a,τµ +
1
4
gλµ(F
a
αβH
a,βα)
up to a total divergence ∼ ∂τ (HaλτAaµ). For the matrix elements of the corresponding
four-momentum operator one finds
〈Φ|Pλ|Φ′〉 =
∫
d3kkλ〈Φ|
2∑
r=1
α+r
a
(k)α−r
a
(k)|Φ′〉,
|Φ〉, |Φ′〉 ∈ H′.
In the gauge ξ = µ the free propagator 〈0|T (Abµ(x)Adν(y))|0〉 reads
(1/i)Dbdµν(x− y) ≡ 〈0|T (Abµ(x)Adν(y))|0〉 = −iµ(gµν −
β
1 + β
VµVν)δ
bdFc(x− y), (91)
where
Fc(x− y) =
∫ d4k
(2π)4
e−ik(x−y)
Q(k) + iǫ
.
As a short example of applications of the theory we shall consider two phenomenas
that are possible to exist in reactions at high energies.
For the specific case G = SU(3) and quarks as fermions, the β/(1 + β) term in the
gluon propagator (91) modifies, e.g. the cross-sections for quark-quark scattering. For
instance, the expression for elastic scattering of two unpolarized quarks of mass m and
initial (final) momenta p, k, (p′, k′) in the Born approximation is
dσ
dΩ
=
2α2s
s
[
F0
Q2(p− p′) +
H0
Q2(p− k′) −
2G0
3Q(p− p′)Q(p− k′)
]
−
− β
1 + β
2α2s
s
[
F1
Q2(p− p′) +
H1
Q2(p− k′) −
2G1
3Q(p− p′)Q(p− k′)
]
+
+
β2
(1 + β)2
2α2s
s
[
F2
Q2(p− p′) +
H2
Q2(p− k′) −
2G2
3Q(p− p′)Q(p− k′)
]
,
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where we set the permeability µ = 1 and
F0 = 16s
2 + 16st+ 8t2 − 64m2s+ 64m4,
H0 = 8s
2 + 8t2 − 64m2s− 64m2t+ 192m4,
G0 = − 8s2 + 64sm2 − 96m4,
F1 = 32
{
(pV )
[
(kV )(p′k′) + (k′V )(p′k)
]
+ (p′V )
[
(k′V )(pk) + (kV )(pk′)
]
−
− 2(pV )(p′V )(kk′)− 2(kV )(k′V )(pp′)
}
+ 32(pp′)(kk′) +
+ 32m2
[
2(pV )(p′V ) + 2(kV )(k′V )− (pp′)− (kk′)
]
+ 32m4,
H1 = 32
{
(pV )
[
(kV )(p′k′) + (p′V )(kk′)
]
+ (k′V )
[
(p′V )(pk) + (kV )(pp′)
]
−
− 2(pV )(k′V )(kp′)− 2(kV )(p′V )(pk′)
}
+ 32(pk′)(kp′) +
+ 32m2
[
2(pV )(k′V ) + 2(kV )(p′V )− (pk′)− (kp′)
]
+ 32m4,
G1 = 16m
2
[
(pV )(kV ) + (p′V )(k′V )
]
+ 4
[
(p+ k)(p′ + k′)− 2m2
]
−
− 8(pk)(p′k′),
F2 = 64(pV )(p
′V )(kV )(k′V )− 32(pV )(p′V )(kk′)− 32(kV )(k′V )(pp′) +
+ 32m2
[
(pV )(p′V ) + (kV )(k′V )
]
− 16m2
[
(pp′) + (kk′)
]
+
+ 16(pp′)(kk′) + 16m4,
H2 = 64(pV )(p
′V )(kV )(k′V )− 32(pV )(k′V )(kp′)− 32(kV )(p′V )(pk′) +
+ 32m2
[
(pV )(k′V ) + (kV )(p′V )
]
− 16m2
[
(pk′) + (kp′)
]
+ 16(pk′)(kp′) +
+ 16m4,
G2 = 32(pV )(p
′V )(kV )(k′V )− 8(pV )
[
(p′V )(kk′) + (k′V )(p′k)
]
−
− 8(kV )
[
(k′V )(pp′) + (p′V )(pk′)
]
+ 4(pp′)(kk′)− 4(pk)(p′k′) +
+ 4(pk′)(p′k).
The first line in the expression for the cross-section is (for n = 1) the known result
from QCD in the Born approximation (see e.g. [36]).
Another change comes from the term β(k · V )2 in each denominator Q(k) =
k2 + β(k · V )2. For very large β = n2 − 1, this term may lead to an effective decreasing
of the coupling strength.
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As a second example we consider the in-medium Yang-Mills equations to describe
the gluon field emitted by a quark moving in a medium. If jaµ(x) is a non-zero quark
current in the r.h.s. in (62), the corresponding gauge potential Aµ(x) satisfies the
equation (in the gauge ξ = µ)(
⊓⊔+ β(V · ∂)2
)
Aaµ(x) = j
a
µ(x)
for a medium with ”refraction” coefficient n =
√
β2 + 1. In the V -rest frame the
equation becomes
(
n2
∂2
∂x20
−△
)
Aaµ(x) = j
a
µ(x)
and for a ”rapid” quark, a Cherenkov-type gluon radiation will appear. Thus the
description presented here provides a natural framework for the Dremin’s approach
aimed at explaining events (such as ring-like structures) which occur in hadron matter
at high energies.
10. Summary
In this paper the in-medium Yang-Mills equations are derived for a gauge group G in
the case of a linear response to an external gauge field. As in classical electromagnetism,
there appears naturally a conductivity tensor accompanied, however, by additional non-
Abelian conductivity tensor and pseudotensor originating from the non-commutative
character of the gauge group G. Correspondingly, the medium is characterized by ”elec-
tric” and ”magnetic” polarizations as well as by a new type of non-Abelian ”electric”
and ”magnetic” polarizations. When the latter are assumed to be linearly related with
the fields Ea and Ba, the in-medium equations refer to the generalized ”electric” and
”magnetic” inductions and for fields E ′a and B′a modified by the appearing suscepti-
bility tensors. If, however, these non-Abelian polarizations depend non-linearly on Ea
and Ba, the restriction to a linear response reduces the modified fields to Ea and Ba,
and the in-medium Yang-Mills equations become similar to the macroscopic Maxwell
equations. In an approximation up to second order in the gauge coupling constant g, the
in-medium equations resemble the macroscopic Maxwell equations for dim(G) copies of
the electromagnetic field. In this case the medium characteristics - the conductivity
tensor σ, the electric permittivity tensor ǫ and the magnetic permeability tensor µ are
expressed in terms of retarded Green’s functions in a way analogous to the case of the
in-medium electrodynamics. The canonical quantization is performed for constant and
diagonal ǫ and µ in order to simplify the Euler-Lagrange equations. A set of dim(G)
scalar auxiliary fields Ba is introduced to avoid working with constrained systems. The
commutation relations among the gauge potentials Aaµ and the field B
a are derived in
two ways for a family of Fermi-like gauges. The first one is straightforward but lengthy
and employs an integral representation of the solutions of equation (75), while the sec-
ond one is direct and based on a simple transformation of the both coordinates and
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fields. For the gauge choice ξ = µ we write down the ”gluon” propagator Dbdµν and
evaluate the cross-section for elastic scattering of two identical unpolarized quarks in
the Born approximation. A feature of the propagator is the appearance of the term
β(k.V )2 which may lead to an effective decrease of the coupling strength for sufficiently
large ”refraction” coefficient. It is pointed out that the in-medium Yang-Mills equations
allow to match Dremin’s description of the above mentioned ring-like structures.
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